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Abstract

Hard X-ray diffraction experiments have provided evidence of a strongly heterogeneous distribution of dislocation densities along the
axis of cylindrical ice single crystals oriented for basal slip in torsion creep. The dislocation arrangements showed a complex scale-invari-
ant character, which was analyzed by means of statistical and multifractal techniques. A trend to decreasing autocorrelation of the dis-
location distribution was observed as deformation proceeds. At low strain levels, long-range spatial correlations control the distribution,
but short-range correlations in relation with cross-slip progressively prevail when strain increases. This trend was reproduced by a model
based on field dislocation dynamics, a theory accounting for both long-range elastic interactions and short-range interactions through
transport of dislocation densities.
� 2009 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Dislocation-mediated plasticity is commonly considered
as a regular process occurring smoothly in time and homo-
geneously in space, as suggested by the term “plastic flow”

used to describe this plasticity. Conventional wisdom con-
tends that fluctuations of dislocation activity are suffi-
ciently small and independent of one another to add at
random, over sufficiently large length and time scales, to
a net smooth and homogeneous overall response. How-
ever, recent studies have offered evidence that, instead,
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plasticity is a scale-invariant phenomenon characterized
by power law distributions of avalanche size, and by space
and time coupling over several orders of magnitude [1–7].
In all of these studies, the long-range lattice distortion
and internal stress field associated with the presence of dis-
locations are considered to be involved in the self-organiza-
tion of the plastic activity. Dislocation distributions reflect
in space the history and properties of the past plastic activ-
ity. Hence, characterizing post-mortem dislocation pat-
terns yields information about the dynamic processes that
led to these arrangements. In X-ray-transparent solids such
as ice, bulk characterization of dislocation dynamics pro-
cesses is therefore feasible via X-ray diffraction techniques.
Earlier work in that field [8] reported scale-invariance of
the axial dislocation distribution in ice single crystals
deformed in torsion creep at moderate strain, with long-
range spatial correlations also attributed to the lattice
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distortion and elastic internal stress fields. In contrast,
unstrained samples showed no evidence of spatial correla-
tion. From these results, one may erroneously infer that
more strain and larger dislocation densities lead to
enhanced long-distance correlations. It is shown in the fol-
lowing that such is not the case.

In the present paper, we report on ice single crystals
deformed in torsion creep at moderate to large strains.
We use the hard X-ray diffraction technique as a model
approach to investigate the self-organization of dislocation
distributions. We believe that such experiments are insight-
ful in the context of dislocation self-organization for sev-
eral reasons. First, torsion tests involve stress and strain
gradients from the axis to the edge of the sample, and
therefore their accommodation by “geometrically neces-
sary” or “polar” dislocations, whose densities are associ-
ated with lattice distortion and internal stress fields.
Using single crystals avoids introducing additional com-
plexity due to dislocation–grain boundary interactions.
Under terrestrial temperature and pressure conditions, ice
has a hexagonal crystallographic structure. It is a particu-
larly suitable material for the present purpose due to its
strong anisotropy of slip. Indeed, ice deforms almost exclu-
sively by glide of dislocations in the basal planes [9]. In par-
ticular, the torsion of single crystals whose crystallographic
c-axis is oriented along the torsion axis is accommodated
by h11�20i screw dislocations, which leads to the emergence
of strong elastic internal stresses [10,11]. Unlike the applied
stress field, the internal stress field has non-basal compo-
nents. Therefore it favors the transport of dislocations
along the c-axis by the occurrence of double cross-slip of
screw dislocations through prismatic planes [10,12]. Hence,
there is the distinct possibility that the short-range interac-
tions inherent to double cross-slip could also be involved in
the self-organization of the plastic activity, complementing
long-range stresses. Indeed, double cross-slip tends to dis-
seminate slip activity along the c-axis, while the edge jogs
formed in the prismatic planes during the process may
serve as strong obstacles to dislocation motion. Such a dis-
tinct role of short-range correlations is likely to be effective
at large strains, when dissemination of slip by cross-slip
becomes significant. Note that the role of short-range cor-
relations was suggested in recent work on dislocation pat-
terning [13] and on the intermittency of plastic activity
[10,14–16]. Therefore, the objectives of the present paper
are threefold: (i) to show that characterizing the role of
short-range vs. long-range correlations in the self-organiza-
tion of dislocation ensembles is possible from the experi-
mental analysis of the spatial distribution of dislocation
densities; (ii) to show the progressive prevalence of short-
range over long-range correlations in dislocation self-orga-
nization as strain increases; and (iii) to retrieve the above
trends in the dislocation distributions predicted by a heu-
ristic field dislocation dynamics model featuring internal
stresses and dislocation transport.

The outline of the paper is therefore as follows. Section
2 deals with the experimental procedure used to provide
dislocation distributions through torsion tests and hard
X-ray diffraction analysis. The tests are performed at differ-
ent strain levels to follow the evolution of spatial correla-
tions with strain. A statistical analysis and a multifractal
analysis are used to accurately monitor possible variations
in the correlation regime. The results and their multifractal
analysis are presented in Section 3. Although the reader is
referred to Ref. [17] for a general presentation of the
method, the section offers a short primer on the multifrac-
tal techniques of data analysis. Section 4 is devoted to an
interpretation of the results based on a field dislocation
dynamics theory that accounts for both long-range correla-
tions through internal stress field development, and short-
range correlations through dislocation transport [18]. Here,
the aim is to provide evidence that such generic features
lead to behavior similar to our experimental results in a
simple representative situation. A summary and conclu-
sions complete the paper.

2. Experimental procedure

2.1. Torsion tests

Laboratory-grown single crystals were used for the tor-
sion experiments. The initial dislocation density of these
crystals, measured by hard X-ray diffraction analysis (see
below) was less than 108 m�2. The orientation of the sam-
ples was chosen to align the torsion axis with the c-axis.
Basal planes were therefore parallel to the permanent shear
plane, within an accuracy of �1�. A constant torsion tor-
que was applied to all samples, leading to ice deformation
by creep, while no load was applied in the axial direction.
The temperature of the cold room was maintained at
�15 �C, the diameter and height of all samples were both
43 mm. The applied torque, 2:14 N m, corresponded to
an applied stress of 0:12 MPa at the edge of the sample.
Note that a characteristic elastic shear modulus of ice is
l ¼ 3 GPa. Defining the torsion strain as c ¼ Rh=h, where
h is the torsion angle, h the height and R the radius of the
samples, three samples were respectively strained at
0:6%; 5% and 56%. The macroscopic homogeneity of strain
along the torsion axis was controlled by monitoring a mar-
ker line drawn along the sample, parallel to the axis. Fig. 1
shows the strain vs. time curve obtained for the most
deformed sample.

2.2. Dislocation density distributions

In order to obtain dislocation density distributions from
lattice distortion characterization, X-ray synchrotron
topography (XRST) analysis was used in Ref. [8], but since
the technique is limited to low dislocation densities, hence
to low strains <3%, hard X-ray diffraction was also
employed at a larger strain (namely 4:35%). In the present
work, radial slices 1 mm thick, of height Dx < h, were
extracted from the samples after deformation for hard X-
ray diffraction analysis. The experiments were carried out



Fig. 1. Creep curve (strain vs. time) for an ice single crystal deformed in
torsion at �15 �C. The diameter and height of the sample are both 43 mm.
A 2:14 N m torque is applied, corresponding to an applied stress of
0:12 MPa at the edge of the sample. Maximum strain is c ¼ 56%. Note the
unremitting acceleration of creep except, perhaps, at the largest strains.
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at the Institut Laue Langevin in Grenoble, using an indus-
trial high-voltage X-ray tube ð420 kVÞ and the original
Laue hard X-ray technique, which allows bulk observation
of samples more than 1 cm thick. The energy range of the
white divergent beam was between 100 and 400 keV, corre-
sponding to wavelengths between 0.003 and 0:012 nm. This
technique is based on a focusing effect occurring when a
divergent X-ray beam diffracts through the crystal [19]
(see Fig. 2). All X-rays diffracted by planes belonging to
the same crystallographic family converge along a single
line on a focal surface, on points symmetrical about the
source point with respect to the normal to the diffracting
planes. Owing to high energies, the Bragg angles are small
(about 1�) and the focal surface can thus be approximated
by a plane. Further, all the diffraction lines obtained from
the different families of planes are located close to the
transmitted beam in the same focal plane. The detector,
composed of an X-ray intensifier and a CCD camera, is
set in the focal plane perpendicular to the direct beam to
record the resulting Laue diagram. A schematic Laue dia-
gram obtained from the prismatic planes of one of our
Fig. 2. Hard X-ray diffraction method. The divergent beam diffracts through
Laue diagram, comprising the transmitted beam and the lines diffracted by th
samples is shown in Fig. 3, along with information useful
for the analysis. A point in the diagram has components
ðh; xÞ where h is the torsion angle introduced in Section 2,
and x represents the location along the c-axis. As we show
below, the slope of the diffracted lines in the diagram is
directly related to the axial lattice distortion and to a “geo-
metrically necessary” or “polar” dislocation density. In
contrast with the so-called “statistical” dislocations, the
latter are dislocations arranged in an orderly fashion,
which effectively result in lattice distortion. Both notions
will be extensively surveyed in Section 4.

On account of the crystal orientation in the torsion test,
the distortion of the prismatic planes is the most significant
for our purposes. The corresponding diffraction line
extends in both the x and h directions of the diagram. In
the h direction, Dh denotes the difference in angular distor-
tion over the distance Dx, between the prismatic planes on
top and to the bottom of the analyzed slice. At a local point
ðh; xÞ along the diffraction line, dh is the increment in dis-
tortion between two consecutive measurement points
located at a distance dx along the c-axis. Concurrently,
dh and Dh are also the corresponding increments in the
Bragg angle. Hence, Bragg angle and torsion angle varia-
tions are identical. Any dislocation lying in the crystal slice
between two consecutive measurement points is unresolved,
and the slice must therefore be considered as undistorted for
all practical matters. An overall survey of the diffraction line
shows that it is rectilinear at a sufficiently large scale of
observation. This is an indication that the macroscopic
strain is homogeneously distributed along the sample axis.
The (roughly linear) relationship between dx and dh that
could be extracted from this overall dependence has a very
poor resolution (0:35 mm=pixel). Instead, we prefer using
the fluctuations in the local diffracted intensity, which give
a much better resolution. Indeed, according to the kinematic
theory of diffraction, the diffracted intensity is proportional
to the diffracting volume. Thus, knowing from the measure-
ments the local and total diffracted intensity dIh at point
ðx; hÞ and I tot ¼

P
dIh; dx can be written as

dx ¼ Dx
dIh

I tot
ð1Þ
a slice extracted from a sample distorted by torsion about the c-axis. The
e basal and the prismatic planes, is seen in the focal plane.



Fig. 3. A Laue diagram showing the line diffracted by the prismatic planes
in a slice extracted from a sample distorted by torsion about the c-axis.
The color code quantifies the diffracted intensity along the line. Dx
represents the height of the slice, Dh denotes both the Bragg angle and
torsion angle variation along the slice.

Fig. 4. Dislocation density distribution along the sample axis; sample 1,
low strain c ¼ 0:6%.
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The axial lattice distortion is dh=dx, and a volumetric polar
dislocation density can be defined as the ratio

q ¼ 1

b
dh
dx

ð2Þ

where b is the length of the Burgers vector [20]. Compre-
hensive justification for this relation will be provided in
Section 4 below. Using Eq. (2), the knowledge of ðdh; dxÞ
arising from the interpretation of the Laue diagram allows
the profile of the dislocation density q to be plotted along
the c-axis. If the above macroscopic linear fitting is used,
Eq. (2) leads to the mean volumetric dislocation density
�q. Instead, a fairly good resolution can be obtained if rela-
tion (1) is employed. Note that for a given angular resolu-
tion Dh0 of the experimental set up (dh P Dh0, with
Dh0 ¼ 0:170), the number of measurement points available
is N ¼ Dh=Dh0. Therefore, the mean spatial resolution
hdxi ¼ Dx=N improves as Dh increases, and hence when
strain increases (see Table 1). For sample 3 hdxi ¼ 1:7 lm
compares with the resolution obtained from XRST.

Undesirable effects such as a residual background noise
due to beam diffusion and a systematic increase in the dif-
fracted intensity dIh with the square of the Bragg angle
[21,22] were present in earlier work using hard X-ray dif-
fraction [8], which may well have biased the analysis of cor-
relations. Such spurious effects were removed from the
present Laue diagrams. In practice, as the diagrams cover
only about 1� of torsion angle, several diagrams obtained
by rotating the sample around the c-axis are needed to deal
with the range of distortion over the height Dx of the slice.
The complete dislocation distribution is obtained by patch-
ing together the distributions obtained from all these dia-
Table 1
Characteristics of the samples analyzed by hard X-ray diffraction.

Sample Height (mm) Local distortion
(deg=mm)

Mean spatial
resolution (mm)

1 24 1:45� 10�2 1:75� 10�1

2 16 1:6� 10�1 1:8� 10�2

3 18 1:63 1:7� 10�3
grams. The procedure was carried out for samples 1–3, as
shown in Figs. 4–6. All the characteristics of the analyzed
slices are presented in Table 1.

3. Results

Figs. 4–6 show the distribution of the dislocation density
along the sample axis in samples 1–3. The figures reveal the
heterogeneous nature of the distribution and its increasing
complexity as deformation proceeds. With dq the standard
deviation, the fluctuations of the dislocation density about
a mean value �q are roughly characterized by the relative
standard deviation dq=�q. A value close to zero of the latter
suggests a rather uniform distribution with limited fluctua-
tions, as in the case of the less deformed sample (see Table
2). A value much larger than 1, as obtained for the most
deformed sample, however, indicates a large dispersion of
the fluctuation size and some difficulties in defining an
Fig. 5. Dislocation density distribution along the sample axis; sample 2,
medium strain c ¼ 5%.



Fig. 6. Dislocation density distribution along the sample axis; sample 3,
large strain c ¼ 56%.

Table 2
Characteristics of the samples analyzed by hard X-ray diffraction.

Sample Strain ð%Þ dq=�q �q ðm�2Þ
1 0.6 6:41� 10�1 109

2 5 2.46 1010

3 56 3.80 1011
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average value at all. Note that the mean dislocation density
value �q strongly increases with strain. A second approach
in analyzing more closely the complexity of the dislocation
distribution consists in computing the autocorrelation
function rðkÞ

rðkÞ ¼ 1

N � k

PN�k
n¼1 qn � �qð Þ qnþk � �q

� �
1
N

PN
n¼1 qn � �qð Þ2

ð3Þ

Here k is an index for the interval between two measure-
ment sites. It represents intervals ranging from the resolu-
Fig. 7. Autocorrelation function for the three samples: sample 1, black
solid line; sample 2, dashed green line; sample 3, dotted blue line. (For
interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
tion length scale to half the length of the sample. The
autocorrelation function is plotted in Fig. 7 for the three
samples. By simply defining the characteristic autocorrela-
tion distance as the value of k when r ¼ 0:5, it is seen that,
for the less deformed sample, the dislocation density is spa-
tially correlated over a range of the order of several milli-
meters along the axis, but that this distance is much
shorter in samples 2 and 3. At first glance, this trend to less
spatial correlation seems surprising, since the overall values
of lattice distortion and dislocation density �q increase with
strain. At least, a decreasing autocorrelation distance
strongly suggests the notion that an evolution with strain
of the underlying regime of dislocation interactions is tak-
ing place.

Fast Fourier transformation (FFT) of the autocorrela-
tion function yields the power spectrum of the dislocation
distributions. As shown in Fig. 8, the power spectra are
characterized by scaling laws P ðf Þ ¼ f �l over a fairly large
length scale range (typically between 100 lm and several
millimeters in sample 1). Such a property indicates scale-
invariance of the diffracted intensity, hence of the disloca-
tion density distribution along the torsion axis, over dis-
tances of the order of several millimeters in sample 1. In
turn, this scale-invariance implies that the dislocation den-
sity distribution is spatially correlated on a large scale,
which confirms the trend implied by the autocorrelation
function. Such large-scale spatial correlations were also
reported in Ref. [8]. They are the fingerprint for long-dis-
tance interactions between dislocations. However, if scaling
exponents l can be defined for each sample, the overall
trend at low frequencies (large length scales) from one sam-
ple to the other is to decreasing exponents (in absolute
value) as strain increases, which heralds faster decay of spa-
tial correlations. In addition, several scaling regimes seem
to hold at large vs. low frequencies (short vs. large length
scales), for small vs. large dislocation density fluctuations
in samples 2 and 3, in contrast to sample 1. Hence, several
Fig. 8. FFT power spectra for the three samples: sample 1, black solid
line; sample 2, dashed green line; sample 3, dotted blue line. (For
interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)



Fig. 9. Partition functions. Sample 2, medium strain c ¼ 5%. q is varied
from 20 to �2. The curves for q < �2 are not shown to preserve
readability, because scatter considerably increases for large negative qs (cf.
error bars in Fig. 10). This remark applies to all subsequent figures
showing partition functions.
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interaction mechanisms seem to operate simultaneously at
different length scales and fluctuation sizes in these two
samples, in contrast to sample 1 (and to spectra from
Ref. [8]) where a unique correlation regime appears.

The statistical approaches based on the autocorrelation
function and the spectral power density are “global” in the
sense that all fluctuation sizes and all length scales receive
equal treatment. We feel the need for a more accurate sta-
tistical description in order to investigate the complexity of
the correlation regime. Due to its ability at focusing selec-
tively on different fluctuation sizes, a multifractal analysis
seems appropriate in the present situation. The selectivity
of the method should yield a more detailed description of
scale-invariance, particularly regarding its manifestations
on several length scales.

With this aim, the sample axis is subdivided into equal
intervals dx (to avoid confusion note that, in contrast, the
interval dx was dependent on the diffracted intensity in
Eqs. (1) and (2)). A local probability measure liðdxÞ of the
ith interval is defined as the area under the curve qðxÞ within
the interval, normalized by the total area calculated over the
entire axis. Hence, this measure reflects the distribution of
lattice distortion along the axis. The overall sum of li-values
equals unity, consistent with the definition of probability. In
practice, a proxy for the area is the sum of all qðxÞ-magni-
tudes within the interval. The generalized dimension spec-
trum, DðqÞ; q 2 Z, is computed by constructing the family
of partition functions ZqðdxÞ ¼

P
il

q
i ðdxÞ for different values

of q, where the sum is taken over all space intervals. There-
fore, any scale-invariance of the measure li shows up
through a power-law ZqðdxÞ dependence. By definition, the
generalized fractal dimension DðqÞ characterizes scale-
invariant behavior when ZqðdxÞ � dxðq�1ÞDðqÞ as dx! 0. In
practice, only finite intervals of power-law ZqðdxÞ depen-
dence are found, due to finite resolution and limited system
size. Large values of the measure li dominate in ZqðdxÞ for
large positive q-values, whereas small values correspond to
large negative q-values. A varying DðqÞ reflects scale-invari-
ance characterized by multiple exponents and multi-scale
correlations in the underlying physical process, a property
referred to as “multifractality”. A single value of
DðqÞ < 1; 8q uncovers a “monofractal”, i.e. a simple fractal
structure with scale-invariance characterized by a single
exponent. “Monofractality” is a much more demanding
property than multifractality, because it requires uniformity
of scale-invariance over all fluctuation scales. Note that a
trivially self-similar stochastic noise leads to the unique
value DðqÞ ¼ 1; 8q.

A complementary point of view is also provided by an
equivalent presentation using the singularity spectrum,
ða; f ðaÞÞ, related to DðqÞ via the Legendre transformation
[23]. Here, a reflects the local singularity of the measure,
liðdxÞ � dxa, and f ðaÞ represents the fractal dimensions
of the subsets of singularities with strength close to a:
N aðdxÞ � dx�f ðaÞ (N aðdxÞ denotes the number of intervals
in this subset). In the present work, the singularity spec-
trum was calculated using a direct method [24], which
avoids the inaccuracies resulting from the derivatives in
the Legendre transform.

Because of a lack of data due to the poor resolution for
the less-deformed sample, this analysis will be performed
only for samples 2 and 3. We start with the analysis of
the dislocation density distribution in the sample loaded
at intermediate strain (sample 2, see Fig. 5). From a statis-
tical point of view, there are very few fluctuations in the
distribution (about 150), and the analysis is necessarily lim-
ited in scope. Nevertheless, multifractality of the distribu-
tion can be proved and, hence, the scale-invariance
uncovered by the autocorrelation and FFT analysis can
be independently confirmed. Indeed, Fig. 9 shows the par-
tition functions on a logarithmic scale for various q-values.
Linear variation is seen with varying slope, which is an
indication of multifractality (multiple scale-invariance), a
property not shown by the autocorrelation and FFT anal-
ysis. The range for scale-invariance is short, from
dx � 0:9 mm to 4:5 mm. It involves length scales compara-
ble with the sample height h ¼ 43 mm. The singularity
spectrum (i.e. the variation of f ðaÞ with a) is shown in
Fig. 10. The minimum a value is seen to be low (left branch,
amin ¼ 0:18), and the spectrum therefore suggests that the
large fluctuations are very singular, which confirms a visual
impression from Fig. 5.

We now focus on the analysis of the dislocation density
distribution at high strain shown in Fig. 6. Fig. 11 shows
the partition functions in logarithmic scale for various q-
values. Again, linear variation is seen with varying slope,
which is an indication of multifractality of the distribution.
Small (resp. large) values of the slope correspond to large
positive (resp. negative) q-values, and to large-scale (resp.
small-scale) fluctuations. Straight dashed lines are visual
guide for the scaling interval at large fluctuation scale.
The latter ranges from dx � 0:8 mm to 12 mm, which cor-



Fig. 10. Singularity spectrum. Sample 2, medium strain c ¼ 5%. Fig. 12. Sample 3, large strain c ¼ 56%; partition functions, small
fluctuations. Straight solid lines are visual guides in the scale-invariant
range. The lower line, obtained for low q-values, approximately corre-
sponds to the solid line in Fig. 11.
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responds to the distance between the largest fluctuations in
the distribution. The power law is an excellent fit at positive
q-values. The quality of the fit degrades at negative qs. The
solid line underlines the scaling regime at small fluctuation
scales. It can be seen that the latter extends to small dis-
tances dx � 0:04 mm at small q-values, but that it vanishes
at large q-values. The corresponding multifractal (i.e. the
variation of DðqÞ with q) and singularity spectra are shown
in Figs. 14 and 15.

Since two different scaling regimes for small vs. large
fluctuations seem to show up in Fig. 11 (as they indepen-
dently did in Fig. 8), it is certainly tempting to duplicate
the analysis after separating the small fluctuations from
the large fluctuations. As there are fluctuations at all scales,
the threshold dqc between these two species is somewhat
arbitrary, but the most representative pattern is obtained
for dqc ¼ 5� 1011 m�2. The result for small fluctuations
Fig. 11. Sample 3, large strain c ¼ 56%; partition functions, all fluctua-
tions; q is varied here from 20 to �2. Small (resp. large) values of the slope
correspond to large positive (resp. negative) q-values, and to large-scale
(resp. small-scale) fluctuations. Dashed (resp. solid) lines are visual guides
for the scaling interval at large (resp. small) fluctuation scale.
is shown in Fig. 12. A convincing scaling regime is obtained
for all q-values, in the range dx � 0:1–2 mm. The bottom
line obtained for low q-values corresponds to the solid line
in Fig. 11, and the resulting multifractal and singularity
spectra are shown in Figs. 14 and 15 using triangles. The
partition functions for the large fluctuations are shown in
Fig. 13. Power laws are matched in the range dx � 1–
12 mm. As expected for large fluctuations, good quality
of the fit is only seen at large positive q-values, and quality
is low at negative values. The corresponding multifractal
and singularity spectra are also shown in Figs. 14 and 15
with open circles. In these figures, the large-scale and over-
all scale spectra (resp. open and solid circles) are quite sim-
ilar, particularly in the most significant range, i.e. at large
qs. The singularity index a is smaller for the large fluctua-
tions (the singularity is higher), as one could expect, and
Fig. 13. Sample 3, large strain c ¼ 56%; partition functions, large
fluctuations. Straight dashed lines are visual guides in the scale-invariant
range.



Fig. 14. Sample 3, large strain c ¼ 56%; multifractal spectrum. Solid
circles: all fluctuations; open circles: large fluctuations; triangles: small
fluctuations.

Fig. 15. Sample 3, large strain c ¼ 56%; singularity spectrum. Solid
circles: all fluctuations; open circles: large fluctuations; triangles: small
fluctuations.
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the maximum f ðaÞ value is also smaller because rarefaction
of the subset of fluctuations has been performed. It is also
smaller than 1, which indicates some clustering of the large
fluctuations along the sample axis. In contrast, the small-
scale spectra (red lines) show a qualitatively different
behavior: the fluctuations are less singular, and since the
maximum f ðaÞ value is 1, they are uniformly distributed
along the axis. Therefore, conjecturing the existence of
two different scaling regimes from the multifractal analysis,
at small vs. large fluctuation scales, seems reasonable.

4. Interpretation

The autocorrelation function, the power spectrum den-
sity and the multifractal analysis of the dislocation density
distributions suggest evolving characteristics of scale-
invariance and compounded spatial correlation regimes
as strain increases. Interpretation of these statistical trends
is now sought through the various dislocation mechanisms
involved during straining. The basal screw dislocations are
primarily responsible for the accommodation of the torsion
strain. They nucleate close to the edge of the sample and,
driven by the applied stress, glide toward the axis, until
they stop due to vanishing applied shear stress [10–12].
Their presence induces lattice distortion and elastic internal
stresses, which can be taken as responsible for the long-
range interaction between basal planes. Sample 1 and
Fig. 4 provide an illustration for such a situation (as well
as the dislocation distributions from Ref. [8]). Unlike the
applied stress field, this internal stress field features non-
basal (non-Schmid) components, such that glide along
the prismatic planes can now be activated through cross-
slip of the basal screws [10–12]. As the cross-slip distance
increases the non-basal component of the internal stress
field decreases, and at some point double cross-slip occurs.
Edge jogs formed in prismatic planes in this process have a
dual role. They both act for the multiplication of the basal
screw dislocations along the c-axis and as obstacles to basal
slip [11]. At this stage, relaxation of the long-range stress
field tends to occur due to the distribution of basal slip
along the c-axis. The organization of the dislocation distri-
bution should therefore depend not only on the long-range
stresses but also on the short-range interactions inherent to
the presence of obstacles and double cross-slip [13]. At the
scale where dislocation densities can be defined, cross-slip
(and more extensively, any dislocation motion) is amenable
to “transport” of these quantities [14,18]. To explain the
observed statistical trends, we present the conjecture that
the short-range interactions involved in the transport of
dislocation densities are increasingly influential in the
self-organization of dislocation ensembles as deformation
proceeds. The conjecture is now tested by using a field dis-
location model accounting for both dislocation transport
and internal stresses.

The model uses the continuum description of disloca-
tions based upon Nye’s dislocation density tensor a [25].
Operating on the normal n to a unit surface S; a provides
the net Burgers vector b ¼ a:n of all dislocations lines
threading S, i.e. the incompatibility in displacement found
along the Burgers circuit surrounding this surface. When
surface S is so small that it is threaded by a single disloca-
tion with Burgers vector b and line vector t; a ¼ b� t and
the involved dislocation is labelled as a “geometrically nec-
essary” or “polar” dislocation. When the size of S, i.e. the
resolution length scale, is increased to the point where S is
threaded by a large number of dislocations, b may become
zero if all individual Burgers vectors compensate statisti-
cally. Then a is zero, and the dislocations are unresolved
and deemed “statistical”. In intermediate cases, the net
Burgers vector b is non-zero, but part of the dislocations
threading S may remain unresolved. The subscripts in the
density components aij then indicate respectively the net
Burgers vector and line vector directions of the polar dislo-
cations, whereas the remaining statistical dislocations are
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not accounted for. Due to the incompatibility, the elastic
distortion tensor Ue is not a gradient. It has an incompat-
ible part, U?e , which results from the distribution a and is a
solution to the incompatibility equation

curl U?e ¼ a ð4Þ
written here at small strains. Its compatible part, Uke , is a
gradient and curl Uke ¼ 0. Thus, it cannot be determined
from Eq. (4). For small strains, Uke is the difference between
the displacement gradient U ¼ grad u and the compatible
part of the plastic distortion, Ukp, which will be derived be-
low. As an illustration, let us deduce from Eq. (4) the rela-
tion between the hard X-ray-measured lattice orientations
and the dislocation densities in the present torsion experi-
ments, i.e. Eq. (2). To this end, we consider applying Eq.
(4) to the elastic distortion tensor Ue ¼ Uke þU?e and sepa-
rating the symmetric and skew-symmetric parts of Ue. Sub-
sequent algebra leads to

grad Xe ¼ curlt�e � at þ 1

2
trðaÞI ð5Þ

where Xe is the lattice spin vector and �e the strain tensor
[26]. Assuming the contribution of the latter to the lattice
spin to be negligible compared to that of dislocations (as
originally assumed by Nye [25]), one gets in particular for
the spin component h3 along the torsion axis (to be identi-
fied with h in Eq. (2))

@h3

@x3

¼ 1

2
ða11 þ a22 � a33Þ ð6Þ

where x3 is an indexed notation for x in Eq. (2), and
ða11; a22; a33Þ denote respectively the screw dislocation den-
sities along the directions ðe1; e2Þ in the basal planes and e3

along the torsion axis. Writing a33 ¼ 0, because such screws
are irrelevant for this crystal orientation, defining q as
q ¼ ða11 þ a22Þ=2b, where b is the Burgers vector length,
one retrieves Eq. (2). Hence, q provides the average volu-
metric basal screw dislocation density in terms of the lattice
distortion along the torsion axis.

The stress tensor T is obtained from the tensor of elastic
constants Ce as

T ¼ Ce : fUeg ¼ Ce : fUke þU?e g
¼ Ce : fgrad u�Ukp þU?e g ð7Þ

where fAg denotes the symmetric part of tensor A. The
part T? ¼ Ce : fU?e g of tensor T is due to the presence in
the crystal of the dislocation density a, and the other part
Tk ¼ Ce : fUkeg additionally contributes to the satisfaction
of the equilibrium equation

div T ¼ 0 ð8Þ
and of boundary conditions. At the resolution scale used in
the present problem (the characteristic size of unit surface
S), the total plastic distortion rate _Up results from the mo-
tion of the polar dislocations a, with (averaged over S)
velocity V, and of the statistical (mobile) dislocations
through the conventional plastic velocity gradient tensor
Lp (throughout this section, a superposed dot indicates a
time derivative)

_Up ¼ a� Vþ Lp ð9Þ
The incompatible part of _Up; _Up ?, feeds the increment of
excess dislocations through the transport equation for dis-
location densities

_a ¼ �curl _Up ð10Þ
whereas the compatible part, _Ukp, is used to update Ukp in
Eq. (7). Similarly, _a is used to update a in Eq. (4). Comple-
mented by constitutive relations for the dislocation velocity
V as a function of stress and dislocation orientation, and
by the evolution of the statistical densities involved in the
velocity gradient Lp, Eqs. (4)–(10) form a complete set of
equations, of hyperbolic character, for the evolution of
stress and dislocation densities. Boundary conditions com-
prise the conventional stress and displacement conditions,
and the specification of inward fluxes of dislocations. A
more detailed account of this overarching framework can
be found in Ref. [18]. It may suffice to indicate here that
the theory reduces to the standard crystal plasticity frame-
work when a is the null tensor, a condition often satisfied
when the scale of resolution is commensurate with the
(macroscopic) sample size. In this case, long-range interac-
tions due to lattice incompatibility are overlooked. Con-
versely Lp ¼ 0 when all dislocations are resolved. For
computational reasons, only small-scale systems can then
be solved. Owing to the macroscopic crystal size in the
present problem and to the mean dislocation–dislocation
distance (of order lm), a mixed approach where both a

and Lp are non-zero is appropriate [11]. Nevertheless an
approximate finite-element solution is expected to be very
demanding on computational resources, since an extremely
high spatial resolution, of the order of the lm, is needed to
account for the strong variations in the dislocation density
distribution. Hence, we relinquish realistic treatment of the
torsion test and choose instead a heuristic approach with a
simplified model, still retaining the essential physical fea-
tures, but whose finite-element approximate solution is still
feasible.

By restricting the attention to screw dislocations per-
taining to a single slip system in the basal plane ðe1; e2Þ,
with Burgers vector oriented in a given direction, say e1,
and by treating out-of-plane motion in a phenomenological
way, a model for simple shear at constant velocity is
derived from the above. The resulting equations are

_Up
13 ¼ a11v2 þ qmbv ð11Þ

_a11 ¼ � _U p
13;2 ð12Þ

T 13;3 ¼ 0 ð13Þ
_T 13 ¼ lðV 1;3 � _Up

13Þ ð14Þ

Here a comma indicates a partial derivative. Eq. (11) de-
rives from Eq. (9). It describes the plastic distortion rate
_Up

13 in the glide plane as a function of the polar screw
(a11v2) and statistical dislocation (qmbv) mobilities, with
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the latter arising from the plastic velocity gradient Lp. Eq.
(12) is the transport equation. It stands for the nucleation
of polar screw dislocations due to gradients in the plastic
distortion rate. The shear stress T 13 ¼ e1 � T � e3 satisfies
the equilibrium Eq. (13), where l is again the elastic shear
modulus and V 1 the material velocity in the direction e1.
T 13 is evolved in time according to the elastoplastic consti-
tutive law (14). Finally, the overall boundary conditionZ h

0

V 1;3dx3 ¼ V ð15Þ

is imposed. Here, V represents a constant shear velocity
gap over the height h of the sample (the imposed shear
strain rate is _ca ¼ V =h). Velocity-driven boundary condi-
tions are preferred to creep in order to avoid unsteadiness
in the shear rate [8,11]. Similar models were offered in the
creep of ice single crystals in Refs. [11,27]. Complemented
by the constitutive equations for ðv; v2; qmÞ (to be provided
below in Eqs. (18)–(20)) and initial conditions, this set of
equations defines a one-dimensional boundary value prob-
lem along a radial direction in a normal cross-section of the
sample. This radial direction should be no surprise, since
the shear distortion rate U 13 is accommodated by screw
dislocations lying along e1, moving toward the center in
the direction e2. Thus, the only space variable is x2, to be
taken in the interval ð0;RÞ. Invariance along the e3 axis is
an oversimplification of the model but, as already men-
tioned, out-of-basal-plane motion of dislocations will
nevertheless be considered, although only through phe-
nomenological prescriptions (see below Eq. (19)). The out-
put of the model will consist in a dislocation distribution
along a radius of the cross-section, to be compared qualita-
tively with the experimental dislocation distribution along
the axis shown in Section 3, and of a shear stress distribu-
tion. The hope is that the features uncovered by the present
experiments (the gradual pre-eminence of short-range over
long-range correlations in the axis direction) are so generic
that they will also show up along a radial direction in basal
planes during a velocity-driven test.

Combining Eqs. (11) and (12), a generalized Burgers
equation with a source term is found

_a11 þ ða11v2Þ;2 ¼ �ðqmbvÞ;2 ð16Þ

Such an equation is typically encountered in transport
problems, most notably in fluid dynamics. Here, it serves
as the equation for the transport of the screw dislocation
density a11 along the radius. Now combining Eqs. (11)
and (13–15), an evolution equation for the shear stress
can be written

1

l
_T 13 ¼ _ca � ða11v2 þ qmbvÞ ð17Þ

These two partial differential equations summarize the
problem. In the forthcoming calculations, strain will be
limited to alleviate the need for objective derivatives of
the screw density in Eq. (16) and shear stress in Eq. (17).
An account of the physics of dislocation velocity and of
straining history is now provided through phenomenologi-
cal statements. Following Ref. [9], we assume a power-law
relationship for the average polar and statistical dislocation
velocities ðv2; vÞ in the form

v2 ¼ v
a11

ja11j
; v ¼ v0sgnðT 13Þ

T 13

r0 þ rh

� �2

ð18Þ

Hence, the same physics applies to both dislocation species.
In this simplified model, Eq. (17) provides for the spatio-
temporal long-distance organization of slip activity along
the sample. Internal stresses are represented by the fluctu-
ations of T 13 about its mean value, which is clearly a strong
reduction in the complexity of the three-dimensional inter-
nal stress field. In Eq. (18), rh represents statistical harden-
ing while the parameters ðv0; r0Þ are reference velocity and
stress values, respectively. The latter are identified from the
experimental data [9,11,28]. Isotropic statistical hardening
is derived from the sessile density qs in the Taylor form:
rh ¼ alb

ffiffiffiffiffi
qs
p

, where a is a constant. Only a fraction
ð1� bÞ of the nucleated screws glides in the basal planes.
As conjectured earlier in this section, the complementary
fraction b of the nucleated screw dislocations experiences
cross-slip due to non-Schmid components of stress arising
from the internal stress field. Therefore the sessile density
increases, due to the formation of edge segments in pris-
matic planes. Its rate of formation is assumed proportional
to the gradient of screw mobility [11]

_qs ¼
b
b
jða11v2Þ;2j ð19Þ

Large b values reflect high probabilities of cross-slip. In all
upcoming calculations, rh remains much smaller than the
reference stress r0, implying that statistical hardening is rel-
atively insignificant and that the density qs of edge jogs re-
mains limited. The mobile statistical dislocation density qm

has a very low initial value. It increases due to dislocation
sources associated with edge jogs in prismatic planes [29].
Its nucleation rate is constant with coefficient C1. Satura-
tion of mobile dislocations results from their mutual anni-
hilation, with coefficient C2 and saturation value C1=b2C2.

_qm ¼
C1

b2
� C2qm

� �
j _Up

13j ð20Þ

All material parameter values are taken from Ref. [11] and
given in Table 3. Initial conditions are provided in Table 4.
They are uniform in space, except for a random 0:1% node-
to-node variation imposed on the initial sessile density qs,
the incompatible component of which will result in the
nucleation of polar screws at initial time.

The main features of the numerical method we
employed are now summarized. A Galerkin least-squares
explicit finite-element method with linear interpolation
appropriate for transport problems was used for the solu-
tion of Eq. (16) (see Ref. [30] for a detailed description of
the algorithm), while a standard Galerkin method with a
quadratic interpolation was used for Eq. (17). The radius
R was equally divided into 30,000 elements, whose length



Table 3
Numerical constants used in the model.

b v0 r0 n l R a b C1 C2 _ca h

4:5� 10�10 m 10�6 m=s 1 MPa 2 3 GPa 30 mm 0:133 0:1 10�8 17 10�6 s�1 3� 10�2 m

Table 4
Initial conditions.

qm qs a11 T 13

108 m�2 108 m�2 0 0

Fig. 17. Predicted partition functions, all fluctuations. Dashed lines are
visual guides for the scaling interval.
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is therefore 1 lm. This value was chosen to be less than the
X-ray diffraction spatial resolution ð1:7 lm) in order to
avoid any measurable effect of mesh size on the analysis
of the predicted distributions. Note that using such an
extremely small spatial resolution over a three-dimensional
sample of the same radius would result in more than 100
trillions elements, an endeavor beyond the scope of any
present computing facility. In the calculations shown
below, the shear strain is limited to 5% in order to keep
applicability of the small strain setting.

An example of the predicted distributions is shown in
Fig. 16 at 2% strain. The visual aspect is similar to the
experimental distribution in Fig. 6. The multifractal analy-
sis shown earlier was applied to the predicted distributions,
with the following results. At the early stages of deforma-
tion <0:1%, the predicted distribution does not show mul-
tifractality, meaning that scale invariance is absent.
Multifractality shows up for strains in the range 0:2–2%,
in relation with polar dislocation mobility. The partition
functions in this range are shown in Fig. 17. Two families
of slopes are displayed. Straight dashed lines are visual
guides for a scaling regime in the long-distance range
dx � 0:7 mm to 11 mm. The scaling behavior is better seen,
particularly for positive qs if the large fluctuations are iso-
lated. Then the partition functions shown in Fig. 17 shift to
Fig. 16. Predicted polar dislocation distribution at 2% strain. Note that
this is zero at initial time (see Table 4). The multifractal analysis of the
fluctuations seen in this figure is shown in Figs. 17–19.
those depicted in Fig. 18. The respective multifractal spec-
tra are shown in Fig. 19. A second scaling regime takes
place in the short distance range dx � 0:01–0:1 mm. How-
ever, the partition functions are slightly bent in this range
and a smooth multifractal spectrum is not obtained. Mul-
tifractality degrades after 4% strain, and disappears at lar-
ger strains, due to increasing statistical noise. The latter
reflects the mobility of statistical dislocations progressively
prevailing over polar dislocation mobility. Thus the present
model reproduces qualitatively the trends in the experimen-
tal results, but the correlations at small scales, although
existing, are not well rendered. From the statistical point
Fig. 18. Predicted partition functions, large fluctuations. Dashed lines are
visuals guide for the scaling interval.



Fig. 19. Predicted multifractal spectra. Solid circles: all fluctuations, open
circles: large fluctuations.
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of view, two reasons can be invoked to explain such behav-
ior: (i) the stochastic component in the predicted disloca-
tion density distribution is too strong; and/or (ii) the
intertwining of small-scale and large-scale fluctuations is
too dense, which impedes efficient separation of the respec-
tive subsets of peaks in the dislocation density distribu-
tions. Both aspects might very well result from the
simplifications inherent to the formulation of the one-
dimensional model, which uses a phenomenological treat-
ment for the statistical dislocations mobility and tends to
underestimate the long-range interactions. Further, it is
very likely that the dislocation distribution in the basal
plane is less influenced by short-range interactions than
along the c-axis. Indeed, as stress and dislocation velocity
decrease in the axis area, the basal screw dislocations mov-
ing toward the axis tend to pile up in that area [10–12].
Hence, screening of the long-range correlations may not
be as conspicuous along a radial direction as along the tor-
sion axis.
5. Summary and concluding remarks

Hard X-ray diffraction provides evidence of a strongly
heterogeneous distribution of dislocation densities along
the axis of cylindrical ice single crystals oriented for basal
slip in torsion creep. At moderate strain, the dislocation
distributions display long-distance correlations with scale-
invariant character [8]. However, as strain increases, a
trend to decreasing autocorrelation of the dislocation dis-
tributions is observed in the autocorrelation function and
Fourier power spectrum. In order to interpret such statisti-
cal behavior from the point of view of dislocation dynam-
ics, it is conjectured that the long-range correlations seen at
moderate strain reflect the lattice distortion and internal
elastic stress fields associated with the basal screw disloca-
tions accommodating torsion. Unlike the applied stress
field, their long-range internal stress field presents non-
basal components, which promote double cross-slip
through prismatic planes. Double cross-slip plays a role
in the multiplication of dislocations along the c-axis and
in their self-organization at a short length scale. Hence,
short-range correlations in relation with dislocation obsta-
cles and cross-slip progressively screen long-range correla-
tions when strain increases. At large strains, a multifractal
analysis of the experimental dislocation density distribu-
tions confirms the existence of different scale-invariance
regimes, at distinct length scales and with different scaling
exponents. The mixed character (short-range vs. long-
range) and the evolution of the spatial correlations in the
dislocation distributions is reproduced by a heuristic model
of the plasticity of single crystals based on field dislocation
dynamics. This model accounts for both the long-range
elastic interactions due to the presence of dislocations
and the short-range interactions (dislocation obstacles,
cross-slip, etc.) inherent to the transport of dislocation den-
sities. The results suggest the pre-eminence of short-range
interactions in the self-organization of dislocation ensem-
bles at large strain, as also illustrated by recent discrete dis-
location dynamics simulations in copper [15]. The
continuous acceleration of creep in evidence in Fig. 1
shows, however, that the short-range interactions do not
contribute as decisively to strain hardening. Indeed, statis-
tical hardening remains very limited in ice single crystals
and does not hinder creep acceleration, at least in the range
of strain covered by our experiments. In contrast, multislip
conditions should enhance short-range prevalence in both
dislocation patterning and strain hardening in face-cen-
tered cubic crystals. Finally, our results also imply that
including transport in models is essential to account for
the self-organization of dislocation ensembles.
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