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The shear-coupled boundary migration of h001i symmetric tilt boundaries is investigated
within the framework of an elasto-plastic theory of disclination and dislocation fields. The
tilt boundaries are built from periodic partial wedge-disclination dipole arrays, on the basis
of their atomistic topography. Non-locality of the elastic response of the adjacent crystals
stems from the defected structure of their boundary. Upon applying a shear strain to the
bicrystal, couple stresses are generated, which set the disclination dipole array into motion
normal to the boundary. In the process, edge dislocation densities with partial Burgers vec-
tor lying along the boundary are nucleated, whose glide parallel to the boundary and anni-
hilation produces plastic shear. The misorientation dependence of the shear coupling factor
predicted by the model is in full agreement with data from atomistic simulations and
experiments. It is found to depend on the polarity and the magnitude of the wedge discli-
nation dipoles composing the grain boundary.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Plasticity in polycrystalline media is mediated by a vast diversity of defect nucleation and motion mechanisms (e.g. dis-
location glide, vacancy diffusion, dislocation climb, grain boundary migration, grain boundary sliding, etc.). At fixed chem-
istry, the relative contribution of each mechanism depends on temperature, strain rate, grain size, texture, etc. For example,
when the grain size is in the range of tens of nanometers, the role of grain boundaries and triple junctions in so-called nano-
crystalline materials become predominant (Gurtin and Anand, 2008). Triple junction and grain boundary migrations are
readily activated at moderate temperatures (Mompiou et al., 2009). To deconvolute the role of triple junction motion from
that of grain boundary migration, several experimental and theoretical studies have focused on bicrystals (Winning et al.,
2001; Cahn et al., 2006; Gorkaya et al., 2009; Berbenni et al., 2013). When a shear stress is applied to a bicrystal, the grain
boundary can migrate normal to its axis of symmetry and relax stresses by producing plastic shear. In this process, one crys-
tal grows at the expense of the other by the normal motion (migration) of the grain boundary, and shear/rotation of the
material traversed by the grain boundary occurs. Shearing of this region results in the relative motion of the two crystals,
parallel to the grain boundary. This essentially non-diffusive mechanism was observed experimentally and modeled for
h001i symmetric tilt boundaries in Cu bicrystals by using molecular dynamics methods (Cahn et al., 2006). The coupling
of the displacements parallel and normal to the boundary is quantified by a geometrical factor b defined from pure interfacial
kinematics considerations (Berbenni et al., 2013). If u? and u== denote the distance of normal migration of the grain boundary
and the relative displacement of the two crystals produced by shear, respectively, the shear coupling factor is measured by
the ratio b ¼ u===u?. Interestingly, b increases in absolute value with misorientations relative to 0� and 90�, and follows two
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branches of opposite sign, with a sharp switch around 37� (Cahn et al., 2006). This misorientation dependence was retrieved
experimentally for h001i symmetric tilt boundaries in Al bicrystals (Gorkaya et al., 2009). Using surface-dislocation-based
models of grain boundaries (Frank, 1950; Bilby, 1955), the coupling factor b may be simply obtained from the Burgers vec-
tor’s content of the interface as a function of the misorientation (Cahn et al., 2006). However, this approach fails to account
for the structure and energy of high-angle grain boundaries, because it overlooks their core properties.

In the present paper, we intend to analyze shear coupled boundary migration within the framework of a recently devel-
oped elasto-plastic theory of dislocation and disclination fields (Fressengeas et al., 2011). In this approach, the internal stress
and couple-stress fields arising from the presence of crystal defects (dislocations and disclinations) are accounted for. Fur-
ther, nonlocal elastic response in the presence of dislocations and disclinations is assumed, consistent with previous findings
(Upadhyay et al., 2013). A field description of the crystal displacements and of its defects through their densities at inter-
atomic resolution length scale then allows describing the structure and core energy of grain boundaries, in excellent agree-
ment with atomistic simulations and experiments (Taupin et al., 2013; Fressengeas et al., 2013). Plasticity derives from the
transport of dislocation and disclination densities through the material. Interestingly, the transport equations provide an
undisputable kinematic structure for the spatio-temporal evolution of the crystal defect densities. Thermodynamical guide-
lines allow substantiating this structure with appropriate constitutive relationships for plasticity in terms of driving forces
vs. dislocation/disclination velocities (Fressengeas et al., 2011). The theory is used to model the symmetric h001i tilt bound-
aries in Cu bicrystals previously considered (Fressengeas et al., 2013). Our main objective is to analyze the boundary migra-
tion mechanisms in terms of the coupled disclination and dislocation dynamics, and to provide tools for further studies of
grain boundary-mediated plasticity. However, other potential mechanisms, such as grain boundary sliding or dislocation
emission/absorption, will not be treated in the present paper. The predictions of our theory will be compared with experi-
mental data and other existing approaches, mainly atomistic simulations (Cahn et al., 2006; Farkas et al., 2006; Tucker et al.,
2010) and surface-dislocation-based models (Cahn et al., 2006; Berbenni et al., 2013).

The paper is organized as follows. In Section 2, the elasto-plastic theory of disclination and dislocation fields is briefly
recalled. More details can be found in reference (Fressengeas et al., 2011) and in the pioneering work of deWit (deWit,
1970). In Section 3, the construction of tilt boundaries with wedge disclination dipoles introduced (Fressengeas et al.,
2013), is recalled for completeness. Then, nonlocal elastic constitutive laws are derived, and our results on shear-coupled
boundary migration are presented and discussed by comparison with experiments and other modeling approaches. Conclu-
sions follow in Section 4.
2. Elasto-plastic theory of disclination and dislocation fields

2.1. Notations

A bold symbol denotes a tensor. When there may be ambiguity, an arrow is superposed to represent a vector: ~V. The sym-
metric part of tensor A is denoted Asym. Its skew-symmetric and deviatoric parts are Askew and Adev respectively. The tensor
A � B, with rectangular Cartesian components AikBkj, results from the dot product of tensors A and B, and A� B is their ten-
sorial product, with components AijBkl. The vector A � V, with rectangular Cartesian components AijVj, results from the dot
product of tensor A and vector V. A : represents the trace inner product of the two second order tensors A : B ¼ AijBij, in rect-
angular Cartesian components, or the product of a higher order tensor with a second order tensor, e.g., A : B ¼ AijklBkl. The
cross product of a second-order tensor A and a vector V, the div and curl operations for second-order tensors are defined
row by row, in analogy with the vectorial case. For any base vector ei of the reference frame:
ðA� VÞt � ei ¼ ðAt � eiÞ � V ð1Þ
ðdivAÞt � ei ¼ div ðAt � eiÞ ð2Þ
ðcurlAÞt � ei ¼ curl ðAt � eiÞ: ð3Þ
In rectangular Cartesian components:
ðA� VÞij ¼ ejklAikVl ð4Þ
ðdivAÞi ¼ Aij;j ð5Þ
ðcurlAÞij ¼ ejklAil;k: ð6Þ
where ejkl is a component of the third-order alternating Levi–Civita tensor X. A vector ~A is associated with tensor A by using
its trace inner product with tensor X:
ð~AÞk ¼ �
1
2
ðA : XÞk ¼ �

1
2

eijkAij: ð7Þ
In the component representation, the spatial derivative with respect to a Cartesian coordinate is indicated by a comma fol-
lowed by the component index. A superposed dot represents a material time derivative.
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2.2. Dislocations

In a continuum mechanics setting in the absence of fracture, the material displacement field vector u is defined contin-
uously at any point of an elasto-plastic body. In the present paper, this is assumed to be true even at a resolution length scale
below interatomic distances. Thus, the total distortion tensor, defined as the gradient of the displacement U ¼ gradu, is curl-
free:
curlU ¼ 0: ð8Þ
This equation is a necessary condition for the integrability of the displacement u and a compatibility condition for the dis-
tortion U. Conversely it is sufficient to assure the existence of a single-valued continuous solution u to the equation
U ¼ gradu, up to a constant translation.

In the elasto-plastic theory of dislocations, the plastic, Up, and elastic, Ue, components of the distortion may not be com-
patible. Incompatible parts of the plastic and elastic distortion tensors, U?p and U?e , which are not curl-free, may exist in the
presence of dislocations, while additional curl-free compatible components, Uke and Ukp, allow satisfying the balance of equi-
librium and boundary conditions. The following relations are therefore satisfied:
U ¼ Ue þ Up ð9Þ
Ue ¼ U?e þ Uke ð10Þ
Up ¼ U?p þ Ukp ð11Þ
0 ¼ U?e þ U?p ð12Þ
curlU?e ¼ �curlU?p ¼ a – 0: ð13Þ
The incompatibility equations (13) define the incompatible plastic distortion U?p associated with the presence of the Nye’s
dislocation density tensor a (Nye, 1953), as well as the incompatible elastic distortion U?e offsetting the latter and ensuring
the continuity of matter implied by Eq. (8). Since Uke and Ukp are curl-free, Eq. (13) can also be written as:
curlUe ¼ �curlUp ¼ a: ð14Þ
Limiting ourselves to small deformations, one can define the strain tensor � as the symmetric part of the distortion U, the
rotation tensor x as its skew-symmetric part and the associated rotation vector ~x as follows:
~x ¼ �1
2
x : X ¼ 1

2
curlu; ð15Þ
Using � and ~x, Eq. (8) becomes:
curl�þ divð~xÞI� gradtð~xÞ ¼ 0 ð16Þ
where I is the identity tensor. Transposing, then taking the curl of Eq. (16) leads to:
curlcurltð�Þ ¼ 0: ð17Þ
This relation is the classical Saint–Venant compatibility condition for the strain �. It is a necessary condition for the integra-
bility of the displacement u. The trace of Eq. (16) similarly yields a compatibility condition for the rotation vector in the
form:
divð~xÞ ¼ 0; ð18Þ
consistent with the curl nature of ~x. Applying the same curl-trace procedure to the elastic restriction of Eq. (14), we obtain
from the curl operation, with self-evident notations, an equation parallel to Eq. (16):
curl�e þ divð ~xeÞI� gradtð ~xeÞ ¼ a ð19Þ
and a similar equation for the plastic restriction of Eq. (14):
curl�p þ divð ~xpÞI� gradtð ~xpÞ ¼ �a: ð20Þ
As elastic and plastic rotations, ð ~xe; ~xpÞ are integrable quantities. From the trace operation, we find an equation parallel to
Eq. (18):
divð ~xeÞ ¼ �divð ~xpÞ ¼
1
2

trðaÞ: ð21Þ
Motivated by the Saint–Venant compatibility condition (17), we transpose Eqs. (19, 20) further rearrange with the help of Eq.
(21), to obtain:
grad ~xe ¼ curlt ð�eÞ þ K ð22Þ
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grad ~xp ¼ curlt ð�pÞ � K ð23Þ

K ¼ 1
2

trðaÞI� at; ð24Þ
At this point, we can define the elastic, je, and plastic, jp, curvature tensors as:
je ¼ grad ~xe ð25Þ

jp ¼ grad ~xp ð26Þ

grad~x ¼ j ¼ je þ jp ð27Þ
and take the curl of Eqs. (22, 23), to find:
curlje ¼ curlcurltð�eÞ þ curlK ¼ 0 ð28Þ

curljp ¼ curlcurltð�pÞ � curlK ¼ 0 ð29Þ
Hence, in the elasto-plastic theory of dislocations, the elastic and plastic curvatures (je;jp) are curl-free and, as mentioned
above, the rotation vectors ð ~xe; ~xpÞ are integrable single-valued quantities. K is Nye’s curvature tensor (Nye, 1953), some-
times used to estimate the curvature tensors (je;jp) by neglecting the contributions of the incompatible elastic and plastic
strains. (je;jp) are also known as the elastic and plastic bend-twist tensors, respectively.

2.3. Disclinations

As remarked by (deWit, 1970), (je;jp) may not be curl-free anymore, if the possibility of multi-valued elastic and plastic
rotations ~xe and ~xp, i:e:, a discontinuity of the elastic and plastic rotations over some surface, is acknowledged. In such a
situation, a non-zero tensor h such that
h ¼ �curljp ¼ curlje ð30Þ
can be defined. h is the disclination density tensor, introduced by (deWit, 1970). Since the rotation vectors ð ~xe; ~xpÞ are multi-
valued in the present theory, the corresponding elastic and plastic rotation and distortion tensors are undefined. Substituting
the elastic and plastic curvatures (je;jp), which now include an incompatible part, for (grad ~xe;grad ~xp) in Eqs. (19, 20)
leads to:
curl�e ¼ þaþ jt
e � trðjeÞI ð31Þ

curl�p ¼ �aþ jt
p � trðjpÞI: ð32Þ
Eqs. (31) and (32) relate elastic/plastic strain incompatibility arising from the presence of Nye’s dislocation density tensor a
and elastic/plastic curvatures. They are modified forms of the incompatibility equations curlUe ¼ �curlUp ¼ a considered in
the elasto-plastic theory of dislocations (Acharya, 2001). In the compatible defect-free elastic theory (h ¼ 0;a ¼ 0), the elastic
displacement ue ¼ u and rotation ~xe ¼ ~x fields are continuous single-valued integrable fields. Then, it is only necessary to
know the values of ue and ~xe at some particular point r0 to find their spatial dependence by integrating their gradients. Their
expressions are (deWit, 1970):
~xeðrÞ ¼ ~xeðr0Þ þ
Z r

r0

d ~xeðrÞ ¼ ~xeðr0Þ þ
Z r

r0

jeðrÞ � dr; ð33Þ

ueðrÞ ¼ ueðr0Þ þ
Z r

r0

dueðrÞ ¼ ueðr0Þ þ
Z r

r0

UeðrÞ � dr; ð34Þ
where r denotes a position vector. By decomposing the elastic distortion Ue into the elastic strain �e and rotation xe, with the
associated rotation vector ~xe, Eq. (34) can be rearranged into:
ueðrÞ ¼ ueðr0Þ þ
Z r

r0

ð�eðrÞ þxeðrÞÞ � dr; ð35Þ

ueðrÞ ¼ ueðr0Þ þ
Z r

r0

ð�eðrÞ � drþ ~xeðrÞ � drÞ; ð36Þ

ueðrÞ ¼ ueðr0Þ þ
Z r

r0

ð�eðrÞ � drþ dð ~xeðrÞ � rÞ � d ~xeðrÞ � rÞ; ð37Þ

ueðrÞ ¼ ueðr0Þ þ ~xeðrÞ � ðr� r0Þ þ
Z r

r0

ð�eðrÞ � ðjt
eðrÞ � rÞtÞ � dr: ð38Þ
By integrating Eqs. (33) and (38) along a closed circuit C starting and finishing at point r ¼ r0 it is found:
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½ ~xe� ¼
Z

C
jeðrÞ � dr; ð39Þ

½ue� ¼
Z

C
ð�eðrÞ � ðjt

eðrÞ � rÞtÞ � dr; ð40Þ
where ½ ~xe� and ½ue� denote a possible jump, i.e. a discontinuity, of the elastic rotation and displacement fields at r0. In the
absence of defects, both ½ ~xe� and ½ue� are zero, and the elastic rotation and displacement fields are single-valued. However,
if the circuit C encompasses disclinations and dislocations, discontinuities arise. The discontinuity of the elastic rotation is
the Frank vector and reads:
X ¼
Z

C
je � dr: ð41Þ
The discontinuity of the elastic displacement is the Burgers vector. It contains a possible contribution from the non-unifor-
mity of elastic curvatures and reads (deWit, 1970):
b ¼
Z

C
ð�e � ðjt

e � rÞtÞ � dr: ð42Þ
If S is the surface of unit normal n delimited by the circuit C, using Stokes’ theorem and Eqs. (30, 31) allows rewriting Eqs.
(41) and (42) as:
X ¼
Z

S
curl ðjeÞ � ndS ¼

Z
S

h � ndS; ð43Þ

b ¼
Z

S
ðcurl�e � ðcurl ðjeÞ � rÞt � jt

e þ trðjeÞIÞ � ndS; ð44Þ

b ¼
Z

S
ða� ðh� rÞtÞ � ndS: ð45Þ
X and b defined above are point-wise measures of the lattice incompatibility in the presence of disclinations and disloca-
tions. In contrast, the disclination and dislocation densities h and a defined in Eqs. (30, 31) are continuous tensorial rendi-
tions of this incompatibility. They provide a natural regularization of the singular and discontinuous nature of the Frank/
Burgers vectors.Importantly, as will be shown in Section 3.2, the contribution of disclinations to the overall Burgers vector
in Eq. (45) leads to elastic constitutive laws containing internal length scales, which are specific to the elastic behavior in the
core region of defects. Note that Eqs. (30, 31) may be utilized to estimate the disclination and Nye’s dislocation density ten-
sors from orientation maps provided by EBSD experiments, respectively (Beausir and Fressengeas, 2013).

2.4. Elasticity

An important consequence of Eq. (8) is that the material remains a continuum, capable of transmitting stresses and cou-
ple-stresses, at a resolution length scale below interatomic distances. As a consequence, the present theory accounts at this
scale for internal stresses and couple-stresses due to the presence of dislocation and disclination densities (Taupin et al.,
2013), through Eqs. (30) and (31). Moreover, stresses and couple-stresses remain bounded everywhere because defect den-
sity fields are used, rather than discrete defects leading to singularities. In the absence of body forces, the momentum and
moment of momentum equations are:
divT ¼ 0 ð46Þ
divM� T : X ¼ 0; ð47Þ
where the stress tensor T is generally non-symmetric. Thus, the rotated stress vector T : X balances the divergence of the
couple-stress tensor M when T is non-symmetric. By taking the curl of Eq. (47) and eliminating the skew-symmetric part
of the stress tensor from Eq. (46) and the latter, we can rewrite the above system (46, 47) as the higher order equilibrium
equation (Mindlin and Tiersten, 1962; Taupin et al., 2013):
divTsym þ 1
2

curldivMdev ¼ 0: ð48Þ
A specific free energy density function w containing contributions from elastic strains and curvatures is now introduced as
follows:
w ¼ wð�e;jeÞ; ð49Þ
and, following recent developments (Upadhyay et al., 2013), the elastic constitutive relations for the symmetric stress Tsym

and deviatoric couple stress Mdev are chosen in the form:
Tsym ¼ C : �e þ D : je ð50Þ
Mdev ¼ A : je þ B : �e: ð51Þ
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In view of Eqs. (15), (25) and (48) such a choice implies that the elastic rotation is readily eliminated from the elastic prob-
lem, whose sole unknown vector field is the elastic displacement ue. As a trade-off, the partial differential equations of the
model involve second order derivatives of the elastic displacement components, in addition to the first order derivatives. As
discussed (Upadhyay et al., 2013), the elasticity tensors B and D vanish in isotropic and centro-symmetric media. However,
centro-symmetry is broken in the presence of crystal defects (dislocations and disclinations), which yields non-zero B and D
tensors. A central issue in the present work lies in the connections existing between the A;B and D elasticity tensors and the
characteristic length scales of the defected areas. This issue will be treated and a justification will be offered for Eqs. (50) and
(51) below in Section 3.2.

2.5. Plasticity

In the presence of stress and couple-stress fields, the dislocation and disclination densities may be set into motion with
respective velocities Va and Vh. The evolution of the disclination density follow the transport equation derived (Fressengeas
et al., 2011):
_h ¼ �curl ðh� VhÞ: ð52Þ
By comparing the above equation with the time derivative of Eq. (30), the plastic curvature rate tensor can be identified as:
_jp ¼ h� Vh; ð53Þ
where no extra gradient term is needed in the absence of any additional inelastic curvature rate. Similarly, the transport
equation for the dislocation density is (Fressengeas et al., 2011):
_a ¼ �curl _�p þ _jt
p � trð _jpÞI ¼ �curl _�p þ sh; ð54Þ
where the plastic strain rate _�p is:
_�p ¼
1
2
ða� Va þ ða� VaÞtÞ: ð55Þ
A remarkable feature of Eq. (54) is that dislocations are nucleated not only through the incompatibility of the plastic strain
rate, but also by the source term sh ¼ _jt

p � trð _jpÞI, which arises from the mobility of the disclinations. The meaning of this
source term is that a wake of nucleated or annihilated dislocations accompanies the motion of disclinations. As will be
shown in Section 3.3, this source mechanism is central to the production of shear-coupled boundary migration.

The Peach–Köhler-type driving forces Fa and Fh acting on disclination and dislocation densities are chosen on a thermo-
dynamical basis, by ensuring that the power dissipation due to defect mobility is non-negative (Fressengeas et al., 2011). For
the sake of simplicity, linear viscosity is assumed, restricting our simulations to sufficiently moderate temperatures (or large
strain rates). Of course, more sophisticated constitutive laws could be adopted to reflect thermally assisted obstacle over-
coming. Hence, the dislocation and disclination velocities read:
Va
l ¼

1
Ba

ejkl
Tij þ Tji

2
aik ð56Þ

Vh
l ¼

1
Bh

ejklMijhik; ð57Þ
where Ba and Bh are positive drag coefficients. These coefficients will be further discussed below in Section 2.6.

2.6. Two-dimensional edge-wedge model

For completeness, we now briefly recall the two-dimensional edge-wedge model (Fressengeas et al., 2011; Taupin et al.,
2013) used in the forthcoming simulations. We limit the fields of crystal defects envisioned to uniaxial distributions of
wedge disclinations, which is sufficient for the interpretation of symmetric tilt boundaries. Thus, we assume the disclination
tensor to be: h ¼ h33e3 � e3 in the orthonormal reference frame ðe1; e2; e3Þ, all other components being zero. The continuity
condition divh ¼ 0 is h33;3 ¼ 0, implying that h33 depends only on the coordinates ðx1; x2Þ : h33 ¼ h33ðx1; x2Þ. In component
form, the rotational incompatibility Eq. (30) reads: hij ¼ �ejkljp

il;k ¼ ejklje
il;k. In the present case, it reduces to:
h33 ¼ jp
31;2 � jp

32;1 ¼ je
32;1 � je

31;2: ð58Þ
Hence the only relevant elastic and plastic curvatures are: ðje
31;je

32Þ and ðjp
31;j

p
32Þ. Additionally, we note that: trðjpÞ ¼ 0.

Thus, the disclination transport Eq. (52) is:
_h33 ¼ _jp
31;2 � _jp

32;1: ð59Þ
The plastic curvature rate (53) reads, in component form: _jp
ij ¼ ejklhikVh

l . Hence, we find:
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_jp
31 ¼ �h33Vh

2 ð60Þ
_jp

32 ¼ þh33Vh
1: ð61Þ
Using the constitutive relation (57) for the disclination velocities provides their relationship with the couple-stresses:
Vh
1 ¼ þ

1
Bh

M32h33 ð62Þ

Vh
2 ¼ �

1
Bh

M31h33: ð63Þ
Using Eq. (55), it is seen that the motion of the dislocations produces the plastic strain rate components ð _�p
11; _�p

12; _�p
21; _�p

22Þ:
_�p
11 ¼ �a13Va

2 ð64Þ

_�p
12 ¼ _�p

21 ¼
1
2
ða13Va

1 � a23Va
2Þ ð65Þ

_�p
22 ¼ þa23Va

1: ð66Þ
The above relations suggest that out-of-plane motion of the edge dislocations ða13;a23Þ is involved in the extension rates
ð _�p

11; _�p
22Þ, whereas their glide is responsible for _�p

12. Consistently, the dislocation transport Eq. (54) reduces to:
_a13 ¼ _�p
11;2 � _�p

12;1 þ _jp
31 ð67Þ

_a23 ¼ _�p
21;2 � _�p

22;1 þ _jp
32: ð68Þ
Since the trace of the plastic curvature rate tensor is zero, the source sh in the dislocation transport Eq. (54) generates only
edge dislocations densities ða13;a23Þ. Thus, if all other dislocation densities are initially absent, the dislocation distribution
involves only a13 and a23 edge densities. The symmetric ’’Peach–Köhler’’ constitutive relationship (56) provides the disloca-
tion velocities in terms of the stress tensor, for both the out-of-plane motion of dislocations (e.g. climb, cross-slip or
diffusion):
Va
1 ¼ þ

1
Bc

a
T22a23 ð69Þ

Va
2 ¼ �

1
Bc

a
T11a13; ð70Þ
and their glide:
Va
1 ¼ þ

1
2Bg

a
ðT12 þ T21Þa13 ð71Þ

Va
2 ¼ �

1
2Bg

a
ðT12 þ T21Þa23: ð72Þ
In forthcoming simulations, the contributions to plasticity of glide and out-of-plane motion of dislocations are weighed
through the drag coefficient ratio g ¼ Bg

a=Bc
a, taken to be g ¼ 0:1. Diffusive motion of dislocations is then made ten times

more difficult than dislocation glide. The value g ¼ 1 will also be tentatively used below to check for the possible influence
of climb on shear-coupled boundary migration at high temperatures. Of course, a thorough account of temperature effects on
diffusive mechanisms would lead to a more elaborate dependence. Further, disclination drag is supposed to be of the order of
dislocation drag: Bh ¼ Bg

a ¼ B.

3. Simulations of shear-coupled migration of tilt boundaries

3.1. From atomistic to continuous modeling of tilt boundaries

For convenience, we now shortly recall the construction method developed (Fressengeas et al., 2013) to model h001i tilt
boundaries in copper bicrystals. This method aims at establishing a crossover between a discrete atomistic grain boundary
configuration and an equivalent continuous disclination density field at the same scale. The methodology is shown in Figs. (1)
and (2) for R13ð510Þ and R5ð310Þ boundaries of misorientation 22.62� and 36.87�, respectively.

To generate a symmetric tilt boundary in atomistic simulations, two adjacent crystals are first separately rotated about
the h001i axis threading the plane at the coincidence site lattice (CSL) point C1, the bottom crystal (red atoms in the figure)
by an angle �h/2 and the top crystal (black atoms) by the angle +h/2. Thus an overlapping triangle C1QR is generated, where
full/empty red/black circles correspond to atoms belonging to two consecutive atomic planes parallel to the figure in both
crystals. In this overlapping area, and by periodicity in all similar areas along the grain boundary, extra-atoms need to be
removed to minimize the incompatibility of the resulting bicrystal. As there is no recipe in selecting the removed atoms,
a trial and error procedure must be used to infer the atomistic configuration involving minimum energy after subsequent
relaxation. We now imagine an analogous ‘‘cut, symmetrically distort and glue’’ procedure in the continuous setting. The



Fig. 1. Method of construction of a bicrystal featuring a R13ð510Þ symmetric h001i tilt boundary of misorientation 22.62� . Left: Identification by atomic
positions of negative and positive material wedges C1MN and C2OP necessary to accommodate the incompatibility between the two crystals. Right:
Equivalent wedge disclination density h33 (rad/m2) used in the simulations.
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top and bottom crystals are now seen as continua sketched by red and black filling colors in Figs. 1 and 2. After rotating these
two crystals, wedge-shaped pieces of superimposed material may be removed or retained in the overlapping areas in order
to accommodate the incompatibility. Cuts are made to define these wedges according to the position of atoms that need to
be removed or retained to minimize incompatibility in the atomistic configuration. The cuts start and finish at the CSL points
C1 and C2, where there is no incompatibility, and extend along the paths C1NOC2 and C1MPC2 in the bottom and top crys-
tals, respectively. For the R13ð510Þ boundary shown in Fig. 1, the triangle C1MN corresponds to a negative wedge and the
triangle C2OP to a positive wedge in both continua. These wedges have opposite signs for the R5ð310Þ boundary shown in
Fig. 2. Next, the new edges (C1M, C1N), (C2O, C2P) and (MP, NO) are distorted (rotated and deformed), merged and glued to
ensure continuity of matter. In the process, the top and bottom continua are symmetrically distorted to fill the negative
wedge and to eliminate overlapping in the positive wedge. The resulting bicrystal contains a wedge disclination dipole
accommodating the material incompatibility between the CSL points C1 and C2. The positive wedge tends to open the mate-
rial, while the negative one tends to close it down. Note that the separation distance (MP,NO) of the dipole must be small to
account for the elastic energy of the boundary. Thus this construction is limited to low R boundaries but is sufficient for the
present purpose, which consists in showing the capabilities of our theory at smoothly modeling shear-coupled boundary
migration. As a final step to this transition from atomistic to continuous description of the grain boundary, a disclination
density value: the opening angle h of the wedges per unit square, is ascribed to the nodes of the finite element mesh lying
along the projections of the edges C1M and C2O on the boundary. The resulting field, shown in Figs. 1 and 2 for an element
size of approximately 0.05 nm, is used in the following as the initial disclination configuration in relaxation simulations,
where the disclinations are allowed to move and relax in their own stress and couple stress fields until the overall elastic
energy stabilizes. Periodic boundary conditions are used on vertical boundaries. The validation of our tilt boundary construc-
tion method was provided (Fressengeas et al., 2013), where it was shown in particular that the core energy of symmetric tilt
boundaries is naturally retrieved by the theory without any ad hoc fitting parameter. As can be seen by comparing Figs. 1 and
2, a remarkable feature emerges from our construction method. In the ½0�;36:87�½ misorientation range, the polarity of the
wedge dipole is h�þi from left to right, while the wedge angle h separates the ½001� directions of the two crystals. In the
½36:87�;90�� range, the polarity is opposite, and it is now the ½110� orientation axes of the two crystals that are separated
Fig. 2. Method of construction of a bicrystal featuring a R5ð310Þ symmetric h001i tilt boundary of misorientation 36.87� . Left: Identification by atomic
positions of positive and negative material wedges C1MN and C2OP necessary to accommodate the incompatibility between the two crystals. Right:
Equivalent wedge disclination density h33 (rad/m2) used in the simulations.
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by the wedge angle. This sharp change of polarity around 37� is in strong analogy with the h001i and h110i shear deformation
modes identified (Cahn et al., 2006). This crossover will be thoroughly discussed in Section 3.5 below.

3.2. Core elastic constitutive laws

In this Section, we focus on describing the elastic properties of a defected solid, particularly in the defect core region. The
discussion is limited to the present edge-wedge model, where the only relevant stress and couple-stress components are
ðT11; T12; T21; T22Þ and ðM31;M32Þ respectively. The dimension of the elastic constants in the fourth-order tensors C; ðB;DÞ
and A in Eqs. (50, 51) are respectively that of stress, stress � length and stress � length2. Assuming cubic symmetry of
the crystal, the relations C1111 ¼ C2222;C1122 ¼ C2211;C1221 ¼ C1212 ¼ C2112 ¼ C2121 hold between the components of the elastic
tensor C in Eq. (50). The elastic tensor A induces couple-stresses in the defected regions of the crystals, because the symme-
try of the stress tensor is broken by the fluctuations of the atomic interactions. As already mentioned both B and D are zero in
isotropic, centro-symmetric media. However, centro-symmetry is broken in the presence of crystal defects, which yields non
zero B and D tensors (Upadhyay et al., 2013). Due to tensor D, the strong fluctuations of the elastic rotation over the defect
core region induce stresses, whereas the tensor B gives rise to couple stresses following from the fluctuations in strain in this
region. In the present ‘‘edge-wedge’’ model, the infinitesimal displacement du ¼ ðjt

e � rÞt :dr arising from an inhomogeneity
of the lattice curvatures ðje

31;je
32Þ over the vector r ¼ ðr1; r2Þ in some domain D of the defected area is, in component form:
du1 ¼ �je
31r2dr1 � je

32r2dr2 ¼ �011dr1 þ �012dr2 ð73Þ
du2 ¼ þje

31r1dr1 þ je
32r1dr2 ¼ �021dr1 þ �022dr2: ð74Þ
Thus, for example, the tensile stress Tsym
11 is:
Tsym
11 ¼ C1111 �e

11 þ
1

VD

Z
D
�011dv

� �
þ C1122 �e

22 þ
1

VD

Z
D
�022dv

� �
ð75Þ

Tsym
11 ¼ C1111 �e

11 �
1

VD

Z
D

r2je
31dv

� �
þ C1122 �e

22 þ
1

VD

Z
D

r1je
32dv

� �
; ð76Þ
where VD is the volume of domain D. To avoid an integral formulation over D, we cast this nonlocal dependence of the stress
into the averaged form:
Tsym
11 ¼ C1111�e

11 þ C1122�e
22 � C1111r2je

31ðrÞ þ C1122r1je
32ðrÞ; ð77Þ
where r is some point in domain D, which justifies constitutive relations in the form of Eq. (50) or, in this two-dimensional
setting:
Tsym
11 ¼ C1111�e

11 þ C1122�e
22 � D1131je

31 þ D1132je
32 ð78Þ

Tsym
12 ¼ C1212�e

12 þ C1221�e
21 þ D1231je

31 � D1232je
32 ð79Þ

Tsym
21 ¼ C2112�e

12 þ C2121�e
21 þ D2131je

31 � D2132je
32 ð80Þ

Tsym
22 ¼ C2211�e

11 þ C2222�e
22 � D2231je

31 þ D2232je
32; ð81Þ
where the averaged curvatures are approximated by their values at the point of interest and the Dijkl elastic constants reflect
the size of domain D in the core region. Similarly, the infinitesimal rotation dx ¼ r� �e:dr=r2 induced by the inhomogeneity
of the in-plane strains ð�e

21; �
e
22Þ and ð�e

11; �
e
12Þ over the core region produce curvature components ðj031;j032Þ respectively
dx3 ¼
1
r2 ðr1�e

21 � r2�e
11Þdr1 þ

1
r2 ðr1�e

22 � r2�e
12Þdr2 ¼ j031dr1 þ j032dr2 ð82Þ
giving rise in turn, in average over a domain D of the core region, to couple-stress components ðM31;M32Þ. We therefore con-
jecture that Eq. (51) takes the form:
Mdev
31 ¼ A3131je

31 � B3111�e
11 þ B3112�e

12 þ B3121�e
21 ð83Þ

Mdev
32 ¼ A3232je

32 � B3212�e
12 � B3221�e

21 þ B3222�e
22; ð84Þ
where the Bijkl elastic constants reflect the size of domain D in the core region. Hence, B and D characterize nonlocal elastic
behavior in the defected crystal. From the results (Upadhyay et al., 2013), the symmetry Bijkl ¼ Dklij of the elasticities must
hold. Thus, for example, D1131 ¼ B3111, which we may write, using Eqs. (73, 82): �D01131r2 ¼ �B03111=r2. Therefore:
B03111=D01131 ¼ r2. The same value r2 is obtained for all B0ijkl=D0klij ratios. The distance r is the internal length scale that sets
the characteristic dimension of the area over which inhomogeneity of the elastic curvatures/strains induces a significant
stress/couple stress component. Following estimates provided (Maranganti and Sharma, 2007), it is given the value
r ¼ 0:5 Åto limit this area to the core region of the defects. Hence, the simplest choice for the non-zero components of
the elasticity tensors ðA;B;DÞ is Aijkl ¼ lr2;Bijkl ¼ Dklij ¼ lr. The parameter values used for copper are presented in Table 1.
We note from Fig. 1 that, not surprisingly, r ¼ 0:5 Å is in line with the length of the segments C1M ¼ C1N providing a mea-
sure of the extent of the wedge disclination core.



Table 1
Numerical constants used in the model.

b C1212 C1111 C1122 b2B l

0.286 nm 27 GPa 175 GPa 125 GPa 104 Pa.s 0.05 nm
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In the present context of shear-coupled boundary migration, a fundamental consequence of the nonlocal elastic consti-
tutive laws is that elastic shear strains generate couple-stresses, which sets disclinations into motion according to Eqs. (57), (62)
and (63), and that elastic curvatures generate stresses, which sets dislocations into motion according to Eqs. (56), (69)–(71)
and (72). In particular, the elastic constant B3112 induces the couple-stress M31 under the shear strain �12, which leads to mo-
tion normal to the grain boundary of the h33 wedge-disclination dipoles (see Eq. (63)). As a result of this disclination motion,
a13 edge dislocation density is nucleated according to Eqs. (60) and (67) (possibly with partial Burgers vector), and the latter
moves by glide along the grain boundary, according to Eq. (71). It may be of interest to contrast this situation with, say, ten-
sile loading normal to the boundary. Then, the tensile strain �22 generates the couple-stress M32 through the term B3222, then
leads to the motion of h33 disclinations along the grain boundary (see Eq. 62), in agreement with other modeling approaches
(Gutkin et al., 2003). In this motion, a23 edge dislocation density is nucleated, according to Eqs. (61) and (68), and this density
moves by climb along the boundary, according to Eq. (69). Diffusion processes are then clearly involved in the deformation of
the grain boundary.
3.3. Kinematics of shear-coupled boundary migration

Let us now illustrate shear-coupled boundary migration at moderate temperature by applying a positive shear strain to a
copper bicrystal containing a R5ð310Þ symmetric h001i tilt boundary of misorientation 36.87�, as shown in Fig. 3. As a result,
the wedge disclination array moves downward in the figure. As discussed above, this motion generates edge dislocation den-
sity a13, with line direction normal to the figure and Burgers vector along the boundary. Positive partial Burgers vectors arise
from the motion of positive disclinations and vice versa. Thus, the motion of the disclination dipoles creates dislocation den-
sity dipoles. Under shear loading, the dislocation density dipoles glide along the boundary and annihilate at mid-distance, as
can be seen by comparing Fig. 3(a) and (b). Remarkably, the disclination dipole structure of the tilt boundary is preserved in
this dislocation emission/glide/annihilation mechanism. The involved dislocation glide produces the positive plastic shear
strain field shown in Fig. 4(a). Meanwhile the plastic rotation field shown in Fig. 4(b) is generated by the normal motion
of the disclination dipoles, i.e. by tilt boundary migration. This decomposition of the mechanism has similarities with those
proposed on a geometrical basis (Cahn et al., 2006) and (Khater et al., 2012) in the framework of disconnections. Good agree-
ment is also obtained between the heterogeneity at interatomic scale of the plastic shear strain/plastic rotation fields shown
in Fig. 4 and the shear strain gradient/micro-rotation fields post-processed from atomistic simulations (Zimmerman et al.,
2009; Tucker et al., 2010; Tucker et al., 2012) (see Figs. 3(a) and 6(a) in reference (Tucker et al., 2010)). Perhaps unexpectedly,
our predicted shear strain field is even more heterogeneous than that obtained from the atomistic simulations. Note in Fig. 4
that large plastic strains are generated. This suggests that the present theory should be written in a finite strain setting. How-
ever, despite this shortcoming, the present theory keeps its ability at reproducing the kinematics of shear-coupled boundary
migration, and shows excellent agreement with atomistic simulations and experiments. Since the boundary migrates down-
ward and positive shear is produced, the shear coupling factor is negative. As aforementioned, its value is estimated by the
Fig. 3. Wedge disclination density h33 (rad/m2) (color coded) and edge dislocation density a13 ðm�1Þ (black/white contours), representing the migration of a
R5ð310Þ symmetric h001i tilt grain boundary of misorientation 36.87� . Two snapshots are taken after a time of approximately 1 ms (a) and 10 ms (b). A
macroscopic shear strain of +0.2 is applied. The black dashed-line indicates the initial position of the wedge disclination dipoles.



Fig. 4. Plastic shear strain �p
12 (a) and plastic rigid body rotation xp

3ð
�Þ (b), after the migration of a R5ð310Þ symmetric h001i tilt grain boundary of

misorientation 36.87� . These snapshots are taken after a time of approximately 10 ms, corresponding to the position of wedge disclination dipoles shown in
Fig. 3(b). The black dashed-line indicates the initial position of the wedge disclination dipoles.
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ratio of the relative parallel translation of the two crystals by the normal migration of the grain boundary, b ¼ u===u?. The
value b � �0:94 is in good agreement with atomistic simulations and experiments (Cahn et al., 2006; Gorkaya et al., 2009).

3.4. Reversibility, dislocation climb

In Fig. 5, we additionally show the reversibility of the boundary migration when shear loading is reversed, in good agree-
ment with atomistics simulations (Cahn et al., 2006). The influence of climb on this mechanism is now investigated by set-
ting the climb-to-glide drag ratio to g ¼ 1 to mimicking a temperature increase, which implies that the climb of dislocations
is made as easy as dislocation glide. The resulting plastic shear and disclination density fields are shown in Fig. 6(a)–(c) in
comparison with prevailing dislocation glide conditions in Fig. 6(b) and (c). It is seen that the dislocation dipoles follow more
closely the migration of the disclination dipoles and that the heterogeneity of the plastic shear field is milder.Further, the
shear coupling parameter shifts from b � �0:94 to b � �0:82, indicating less efficient plastic shear production of the migra-
tion process.

3.5. Shear-coupling factor

As aforementioned, the polarity of the wedge disclination dipoles is h�þi in the range of misorientations ½0�;36:87�½,
while the wedge angle is the orientation difference between ½001� directions in the two crystals, whereas in the range
½36:87�;90��, the polarity is opposite and the wedge angle is the orientation gap between ½110� directions. Thus, all ½001�-type
tilt boundaries migrate upward in the range ½0�;36:87�½, while all ½110�-type boundaries migrate downward in the range
½36:87�;90��. As an example, the shear-coupled migration of a R13ð510Þ symmetric h001i tilt boundary of misorientation
22.62� is now shown in Fig. 7. The shear coupling factor is b � 0:42 and its variations in the complete misorientation range
are shown in Fig. 8. It is seen that the h001i and h110i branches obtained by molecular dynamics simulations and by exper-
iments (Cahn et al., 2006; Gorkaya et al., 2009) are retrieved. This result is a natural outcome of the procedure introduced in
Section 3.1 to derive wedge disclination dipoles from atomistic structures. It is also in agreement with predictions of surface-
dislocation-based models (Cahn et al., 2006; Berbenni et al., 2013), where the shear coupling factor depends on the
dislocation content of the boundary. However, it must be considered as only formally correct in these models because they
are actually restricted to low-angle boundaries to prevent dislocation core overlapping. It is fully consistent in the present
Fig. 5. Snaphots of the wedge disclination density h33 ;(rad/m2) during the reversible migration of a R5ð310Þ symmetric h001i tilt grain boundary of
misorientation 36.87� . (a): Initial grain boundary; (b): during applied positive shear after approximately 3 ms; (c): when unloading the sample; (d): during
applied negative shear after approximately 3 ms; (e): after unloading the sample. The dashed-line indicates the initial position of the wedge disclination
dipoles in (a).



Fig. 6. Wedge disclination density h33 (rad/m2) (color coded) and plastic shear �P
12 (black/white contours), representing the migration of a R5ð310Þ

symmetric h001i tilt grain boundary of misorientation 36.87� . A macroscopic shear strain ofþ0:2 is applied. A single disclination dipole is shown. Snapshots
taken after a time of approximately 10 ms, (a,c): for prevailing glide g ¼ 0:1; b: for easy climb g ¼ 1. In (c), color-coded is shown the final position of the
sample in the easy glide condition. The thick black line indicates the final position of the sample in easy climb conditions, indicating less efficient plastic
shear production of the migration process. The black dashed-line indicates the initial position of the disclination dipole.

Fig. 7. Wedge disclination density h33 (rad/m2) (color coded) and plastic shear strain �p
12 (black/white contours), representing the migration of a R13ð510Þ

symmetric h001i tilt grain boundary of misorientation 22.62� . This snapshot is taken after a time of approximately 10 ms, a macroscopic shear strain of +0.2
is applied. The black dashed-line indicates the initial position of the wedge disclination dipoles.

Fig. 8. Shear-coupling factor as a function of misorientation. The dots represent the values obtained by the present simulations. The two solid lines
represent the values predicted by the h001i and h110i shear deformation modes defined (Cahn et al., 2006).
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disclination-based approach, because the latter is also appropriate at high-angles where it leads to the correct core energy of
the boundaries.

4. Conclusions

The elasto-plastic theory of crystal defect fields (disclinations and dislocations) (Fressengeas et al., 2011) was used to de-
scribe in a continuous manner the shear-coupled migration of symmetric h001i tilt boundaries in copper. In the dynamic
simulations, the initial configuration of the boundaries was built from wedge-disclination dipole arrays defined after their
atomistic topography. Lattice symmetry breaking in the boundary area is at the origin of specific core elastic constitutive
laws, which contain an internal length scale identified from the atomistic topography of the boundary. Its very small value,
about 0:5 Å, implies that nonlocal elasticity is limited to the defects core region and disappears away from it, in agreement
with previous findings (Upadhyay et al., 2013). By ensuring the presence of couple stresses in the defected area in simple
shear loading, nonlocal elasticity plays a central role in securing a driving force for the motion of the disclination dipoles.
It is only in its presence that boundary migration driven by simple shear is retrieved by the theory. The migration of the dis-
clination dipoles generates dislocation density dipoles, with partial Burgers vectors, whose glide parallel to the boundary and
subsequent annihilation produces plastic shearing of the bicrystal. In addition to retrieving the core energy of the tilt bound-
aries at all misorientations, as shown in previous work (Taupin et al., 2013; Fressengeas et al., 2013), the theory allows cap-
turing the correct two-folded dependence of the shear-migration coupling factor b on the misorientation angle. This result
tends to confirm that disclinations are indeed appropriate objects for high-angle boundary modeling (Taupin et al., 2013). It
is perhaps interesting to note that a finite strain formulation of the theory and nonlinearity of elasticity do not seem as
essential for this purpose as nonlocal core elastic laws at interatomic scale. Although elastic dilatations as high as 20%

are found in the defects core regions in the present calculations, using linear elasticity and a small strain formulation does
not prevent from accurately retrieving the elastic energy of the grain boundaries and the shear-coupling factors. As viscous
drag laws were employed for the mobility of defect densities, our results are restricted to moderate temperatures, a regime
where grain boundary migration-type mechanisms are experimentally observed in Al, however (Gorkaya et al., 2009; Mom-
piou et al., 2009). At lower temperatures, where disclinations are likely to become less mobile, we expect that obstacle-over-
coming kinetics could be more appropriate.

We believe that the present results demonstrate that an appropriate, continuous description involving displacement and
crystal defect density fields that are smooth over a length scale of interatomic spacing can be adequate for the purpose of
describing phenomena at this scale, and may usefully complement atomistic representations. A continuous description of
the shear-coupled boundary migration, and more generally of the dynamics of crystal defect ensembles, may indeed be con-
sidered as attractive for several reasons. First, smoothness of the framework is desirable from the point of view of mathe-
matical analysis and numerical computation, and because it allows coping with core properties. When viewed at a
sufficiently small scale, lattice defects and the corresponding distributions of elastic strain and energy are certainly better
described by suitably localized smooth density fields than by singularities. Interestingly and supporting this point of view,
current work (Zimmerman et al., 2009; Tucker et al., 2010; Tucker et al., 2012) is devoted to designing metric tensors from
the atomic displacements that result from molecular dynamics simulations, in order to post-process a continuous field
description of the deformed atomistic configuration. In the shear-coupled boundary migration problem, the resulting plastic
shear and rotation fields compare fairly well with our own findings. Further interest in considering a continuous framework
may arise from its computational convenience because, as it does not have to resolve atomic vibrations with time steps in the
femto-seconds, it is more tractable than atomistic simulations. By time coarse-graining, the atoms and their fast vibrations
are indeed exchanged with the dissipative evolution of smooth dislocation/disclination density fields embedded in an elastic
continuum. Finite element approximations then allow considering the dynamics of crystal defect ensembles over time scales
in the ms, under realistic loading rates and stresses. The algorithms employed in the present work are detailed (Fressengeas
et al., 2011). They are similar to those previously used in the pure dislocation dynamics case (Roy and Acharya, 2005; Varad-
han et al., 2006). In the present two-dimensional simulations, they were coded in Fortran without using matrix optimization
and parallel computing. Simulation times the order of 10ms were reached in less than half an hour of computing time on a
single processor desktop computer. Realistic boundary migration rates, of the order of 0.1 lm/s were retrieved, in agreement
with experimental data (Gorkaya et al., 2009). Diffusive phenomena and dislocation climb, which may have significant influ-
ence on grain boundary-mediated plasticity mechanisms (Winning et al., 2001; Mompiou et al., 2009; Priester, 2013), can
therefore be investigated. Finally, beyond its capacity for representing individual crystal defects, the present continuous ap-
proach can seamlessly evolve into a coarse-grained mesoscale model for averaged crystal dislocation/disclination densities,
able to reflect their self-organized behavior at larger polycrystal scale. This ability will be the object of future work. It will
allow investigating alternative disclination-based mechanisms for plasticity, e.g, triple junction motion or emission/absorp-
tion of dislocations at grain boundaries, in media where dislocation-based plasticity is limited, either by scarcity of the slip
systems in certain materials, or because dislocation glide is restricted, as in polynanocrystals.
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